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Viechanics

Coupled Pendula with Cobra3 1.3.25-11

[ =60 cm

! =90cm

What you can learn about ...

=* Spiral spring

= Gravity pendulum

=* Spring constant

=> Torsional vibration

= Torque

=> Beat

=* Angular velocity

=» Angular acceleration

=* Characteristic frequency

Principle:

Two equal gravity pendula with a
particular characteristic frequency
are coupled by a “soft" spiral spring.
The amplitudes of both pendula are
recorded as a function of time for
various vibrational modes and differ-
ent coupling factors using a y/t
recorder. The coupling factors are
determined by different methods.

Tasks:

1. To determine the spring constant
of the coupling spring.

2. To determine and to adjust the
characteristic frequencies of the
uncoupled pendula.

. To determine the coupling factors
for various coupling-lengths using

a) the apparatus constants

b) the angular frequencies for
"inphase” and "“in opposite
phase” vibration

c) the angular frequencies of the
beat mode.

. To check the linear relation be-
tween the square of the coupling-
lengths and

a) the particular frequencies of
the beat mode

b) the square of the frequency for
"in opposite phase" vibration.

5.To determine the pendulum's
characteristic frequency from the
vibrational modes with coupling
and to compare this with the
characteristic frequency of the
uncoupled pendula,

w

F-

Amplitude curves of the vibrations of
coupled pendula in the beat case for
three different coupling lengths
f (30 em, 60 cm and 90 cm) as a
function of time.
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Related topics Rod with hook 02051.00 1
Spiral spring, gravity pendulum, spring constant, torsional  VVeight holder f. slotted weights 02204.00 1
vibration, torque, beat, angular velocity, angular acceleration, ~ Slotted weight, 10 g, black 02205.01 5
characteristic frequency. Capacitor, 1 0 uF/35V 3910528 2

Cobra3 Basic Unit 12150.00 1
Principle Power supply 12 V 1215199 1

- Cobra3 Universal writer software 14504.61 1

Two equal gravity pendula with a particular characteristic fre- RS 232 data cable 14602.00 1
quency are coupled by a “soft” spiral spring. The amplitudes  power supply 0-12 V DC/6 V, 12 V AC 13505.93 1
of both pendula are recorded as a function of time for various  Bench clamp -PASS- 02010.00 2
vibrational modes and different coupling factors using a y/t  Support rod -PASS-, square, [ = 630 mm 0202755 2
recorder. The coupling factors are determined by different  Right angle clamp -PASS- 0204055 2
methods. Measuring tape, [ =2 m 09936.00 1

Connecting cord, / = 1000 mm, red 07363.01 4
Equipment Connecting cord, / = 1000 mm, blue 07363.04 4
Pendulum w. recorder connection 0281600 2 FPC Windows® 95 or higher
Helical spring, 3 N/m 02220.00 1

Fig. 1: Experimental set-up for the measurement of the vibrational period of coupled
pendula.
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Tasks

of the coupling spring.

P2132511

1. To determine the spring constant

2. To determine and to adjust the
characteristic frequencies of the
uncoupled pendula.

3. To determine the coupling factors
for various coupling-lengths using
a) the apparatus constants

b) the angular frequencies for “-
inphase” and “in opposite
phase” vibration

c) the angular frequencies of the
beat mode.

4. To check the linear relation be-
tween the square of the coupling-
lengths and

a) the particular frequencies of
the beat mode

b) the square of the frequency for
“in opposite phase” vibration.

5. To determine the pendulum’s
characteristic frequency from the
vibrational modes with coupling
and to compare this with the
characteristic frequency of the
uncoupled pendula.
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Set-up and procedure Setting of the Cobra3 basic unit

Before measurement can begin, the exact value of the spring
constant D, of the coupling spring has to be determined. A
supporting rod is fixed to the edge of table by means of a
bench clamp. The spring is suspended on the rod from a hook
which is attached to the supporting rod via a right angle
clamp. Applying Hook’s law

F =_DF".

the spring constant D¢ can be calculated if the extension x of
the spring is measured for different slotted weights attached
to the spring.

The pendula are then set up without coupling springs as
shown in Fig. 1. The input sockets of the pendula are now
switched in parallel to the DC-output of the power supply unit.
The yellow output sockets of the pendula are connected to the
Cobra3. The DC-output voltage of the power supply unit is
adjusted to 10 V. For the channels CH 1 and CH 2, a value of
10V is selected as the measuring range on the Cobra3.

To set the pendula into vibration the pendula rods are touched
with the finger-tips on their upper third and simultaneously
moved to and fro till the desired amplitudes have been estab-
lished. In this way transverse vibrations can be avoided. In
view of the subsequent experiments with coupled pendula
care should be taken already at this stage to ensure that the
pendula are oscillating in the same plane.

From the plotted curves the period T, is determined several
times for each pendulum. The mean values of the periods, T,
of both pendula have to be identical within the limits of error.
If deviations are observed, the lengths of the pendulum rods
have to be adjusted. This is done by detaching the counter nut
on the threaded rod of the pendulum weight, adjusting the
pendulum length and manually retightening the counter nut.

For the performance of the experiments with coupled pendu-
la, the coupling spring is fixed to the plastic sleeves on the
pendulum rods at a point equidistant from the pendulum’s ful-
crum. Furthermore the “zero”-positions have to be readjusted.
it has to be insured that there is no electric conductivity
between the pendula.

The ampltudes as a function of time are to be recorded for dif-

ferent coupling lenghts / using the following initial conditions:

A Both penaula are deflected with the same amplitude to the
same side and simultaneously released. (“in- phase” vibra-
oy

£ Bom pencula are deflected with the same amplitude but in
coposse directions and simultaneously released. (“in
coposie phase” vibration)

C. Ore penoulum remains at rest. The second pendulum is
o=fectec and released (beat mode). Here satisfactory
re=uts can only be achieved if during the preparation both
penculs Sawe been properly adjusted in such a way that
ey have in fact the same period T,

= 2 Sw=e cases the vibrations have to be recorded for at
=== Sw=e or four minutes. From the plotted curves the mean

wales for B cormesponding vibrational periods can be deter-
e

L

— Connect the recorder outputs of the pendula to the analog
inputs of the Cobra3 basic unit. The signals that are to
measure in this experiment are rather slow. To reduce the
sensitivity to the fast noise signals use the 10 uF capaci-
tors at the analog inputs of the Cobra3 basic unit.

— Connect the COBRA3 Basic Unit to the computer port
COM1, COM2 or to USB port (use USB to RS232 Adapter
14602.10). Start the measure program and select Cobra3
Universal Writer Gauge.

— Begin recording the measured values using the parame-
ters given in Fig. 2.
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Fig. 2: Measuring parameters

Theory and evaluation

If two gravity pendula P, and P, with the same angular char-
acteristic frequency w, are coupled by a spring, for the posi-
tion of rest and small angle deviation ~ due to the presence of
gravity and spring-tension we have the following torques
(Fig. 3):

torgue due to gravity:

Mgo=mg Lsingg~mg L (1)

torque due to spring-tension:
MF,O = DF.\'D [l cos Cbo O DFxol

= spring constant

extension of the spring

coupling length

pendulum mass

pendulum lengh

acceleration due to gravity

= angle between the vertical and the position of
rest
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If P, is now deflected by ¢, and P, by ¢, (see Fig. 3) and sub-
sequently released, we have because of

Ié =M

I = moment of inertia of a pendulum around its fulcrum

Idy = My= —mgLd, + Del® (b — ¢1) ()

Idy = My= — mgld, + Del* (¢, — &)

Introducing the abbreviations

, mgL _ De?
. A T

and 0?2 (3)

we obtain from Egs. (2)

— 0% (¢ — 1) (4)
+ O (b — 1)

‘51 + Wi,

% 2
by + wys

At ¢ = 0 the following three initial conditions are to be realized
successively.

A: “inphase” vibration

by =dp=ps by - =0
B: “in opposite phase” vibration

— by =y = b by - by = 2, (5)
C: beat mode

by = dai o =05 by -y =Py

Pendulum P1 Pendulum P2

coupling spring F
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Fig. 3: Diagram of coupled pendula at rest.
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The general solutions of the system of differential equations (4)
with the initial conditions (5) are:

Al dyt) = dolt) = &y COS Wyt (6a)
B: <b1(!)=d)ACOS ( ng - 202,-) (Sb)
bylt) = — by COS (\/mr)

P——
Vg +2 0 —
C: ¢51(r)=¢,\cos( 28 5 2 .

Cos(vwngQ!lz-lwo )

2

ETIE - wo
¢2(f)="¢A5m( 2 'I)

) (Vw§+2ﬂ2+wo )
+ 8in o

2

Comment

A: “inphase” vibration
Both pendula vibrate inphase with the same amplitude and
with the same frequency w,. The latter is identical with the
angular characteristic frequency wq of the uncoupled pen-
dula.

W, = Wy (7a)

g
B: “in opposite phase” vibration
Both pendula vibrate with the same amplitude and with the
same frequency w, but there is a phase-difference of 7. In
accordance with (3), the angular frequency

we= Vi +2€0° (7b)

depends on the coupling length /.

C: Beat mode
For weak coupling, e.g. vy & (1, the angular frequency of
the first factor can be expressed as follows:

Vel +20 —w, 02
wy = 5 = —

(8a)

T 2w,

For the angular frequency of the second factor we get:

Vi +2 02 + 02
Wy = ) = Wy + 2—% (Sb)

Subsequently we get:

(2] (ﬂ)g

Fig. 4 shows the amplitudes ¢, (¢) and ¢, (r) of both pendula
as a function of time for the beat case and for different
coupling lenghts /. As coupling factor we define the ratio
; Det?
i Eee=m——— 9)
mgl + Dgl

P2132511 3
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- From Eq. (3) and Eq. (9) we get Substituting Eq. (8a) and Eq. (8b) into Eq. (10) yields:
i 0? 2w,
- 0 K== 12
o A+ 1o g 12)
.’ The coupling factor K of Eq. (10) can be calculated from the
- frequencies of the individual vibrational modes. (beat case)
’ Substituting Eq. (7a) and Eq. (7b) into Eq. (10) results in To check the influence of coupling length on the frequencies
"- of the individual vibrational modes, we substitute Eq. (11) and
~ w? — wf 1) Eqg. (12) into Eqg. (9). Then we get for the in opposite phase
- = 2 + vibration:
- g
- 2DFI’JJS
2 i it U FR 2
’ (“in opposite phase” vibration) T gL e wy (13)
-—
- And for the beat mode:
. “ [ - . — De 2
( _ I”ll H }'i lw’h.. RTTTTITHAT l|l|! soem Tk 2mglL , 04
- 'm ! ‘;.'-fuw T ikt Hait gt as well as
- ] mh,- (I i \ e 'k .‘
'*-’ 1{‘15"!‘_!\ L { ;"I'i Ii'*.’ 1 11y mr' T _ De 2
B . 1;.| (T 1 ,',ml,, ! w; = wy 1% + wy (15)
- L1111 2mglL
~ \
"' .r Jt _}1!. |:PI“?':”“1*“= The measurement of the “inphase” vibration of the uncoupled
~ | ”';,‘ ‘,m“ It i, T pendula results in the following:
-_— (11 L | MR i =
- LHI iy .]!" 1) e ‘“r '.‘Ji | i = ATG
- {HY LT i T e T, = (2.036 £ 0.003)s; — ~+0.15% 16
." I‘.‘.';“'I W 111} 0o = ) T 6 (16)
= H'I I -
" 21 -1
= L I R B u " or W = (3.083 + 0.005) s
- L]
. - } “ " / =60 cm Analysis of the measurement
’ o wi"\ | ] ” . it | | ity ;:35,‘ ith " ' " For the analysis of the results select the following parameters:
- “ b i -“ NI T Do b iy e In the “Analysis” / “Channel modification” window (see Fig. 5)
o 11 \,J I ;‘yjl- il _],r"‘. Ve AUV VALIUNL,,  select:
-_— I LU ' '- “I\ LS TR {1 LI !.‘,“';f' | source channel: Time
Y . it i it i Operation: f:=x/1000
| | Il 1 i L i peratio .
- : f”II, il | L 'Hl o Destination channel: overwrite / Time
- LT i ,., Lo Title: Time_in_seconds
- = 3 b y ¢ F”f' i o i ] A 8 . { . ) il . Symbo’- t
- IR Wil AR Unit: s
( : J:' ,’ "_ﬂl[“ TIH;‘.; “iirr'l In.‘l“ L Ll . - Channel modification x|
-— o L L i Sourcechannel
b ¥ L] ® w 0 W m ) o n 17 3 ¥ woow a 1: It . |T1ma :] | = : -
) > l il 2 fr Cancel
il = | /=90 cm . Help |
( | !| l i ! ﬂ l (i “ J ‘l“‘l i I ol - > |
- > [*." VRN AR e ————— =
JUN UL T L | L L | L L A ot
- i AL « differentiate '
= « integrate !
- " progressive average vaiue - |
- I it:,. Al T = e
Rttt L L L ML Destination channel e
- lri"”,“ | Jf ALV Wcdisdin : vl
] J oy e & gverwrite ARt
‘J I “l I]% I“ | l }II L » [Time :] . fm‘_ln_soconds
’) e curves of the vibrations of coupled pendula [ R ,,,.',_!.-:_"f_‘“ f{*r J i F
mode for three different coupling lengths / —— =i — = —————
30 o=, 80 cm and 90 cm) as a function of time. Fig. 5: Channel modification.
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To determine the frequency of the in opposite phase vibration
select in the “Analysis” window the option “Fourier analysis”
for the measured channel (see Fig. 6):

I e e — _ altls
CEEE [ (L e UB G tevA
Wl - = W re -
bz L= S ey i -
e s
L o
Lo oo
L. et ot f i

- J 'l ! 1!' f:‘ gt “ |
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» s -' |||-‘n;“l-~!||rl‘| ] ﬂ
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: )

i uwm

. v I

Fig. 6: Fourier analysis of the in opposite phase vibration.

With the function “Survey” determine then the frequency f.
(see Fig. 7). In our example f, = 0.571 Hz for the coupling
length / = 80 cm and w, = 27 [, = 3.580 1/s.

e ey mwve—e ke e alfis

SRS IR T Al ave Ul LAY A

ur— kLu:.LAHa!Sl & [ =/.IF |
- ‘Survey function T

I -
'\v.// — e
0 7 .,

nr

Fig. 7: Determination of the frequency of the in opposite
phase vibration.

With the same procedure (“Analysis” / “Fourier analysis” /
“Survey” function) determine the frequencies w, and w, for the
beat case. In our example (see Fig. 8) we obtain for the cou-
pling length / = 90 cm: f, = 0.099 Hz, w, = 7 f, = 0.311 1/s
and w, = wy + 27 fo = 3.401 1/s, with = 0.491 Hz.

= .
e=aa O~ 0O Crawd i LGEavA
L LLUbl ® 2823 @ - <) e Bl

Fig. 8: Determination of the frequencies w, and w, for the beat
mode.

Tab. 1 shows the mean values of the vibrational periods for
different coupling lengths / as well as the corresponding angu-
lar frequencies.

From the measured values of the “inphase” vibration we get
_ AT,
g £ (2033 +£0.004)s; — =+02%
Ty
2T _ A
or F = wy; = (3.090 =+ 0.006) s
0

I/m TJs -2];_5 = w /s’ T,/s % = w,/s" T,/s % = wy/s”
0.300 1.978 3.166 71.429 0.044 2.004 3.134
0.400 1.938 3.244 47.619 0.066 1.999 3.156
0.500 1.891 3.298 31.250 0.100 1.969 3.190
0.600 1.837 3.361 20.833 0.151 1.938 3.240
0.700 1.779 3.463 16.129 0.195 1.912 3.284
0.800 1.719 3.580 12.658 0.248 1.881 3.338
0.900 1.657 3.667 10.101 0.311 1.847 3.401

Tab. 1
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Fig. 9: Frequency of the opposite phase vibration «? as a  Fig. 10: Frequency ufy (beat mode) as a function of the cou-

function of the coupling length /2.

We used:

D = 3.11 N/m (measured value)
L = [‘1 = L2 = 101.5 cm

(distance fulcrum center of pendulum weight)
m=1Kkg

(mass of pendulum rod is not included)
g=981m/s

In Fig. 9 the measured values «? of Tab. 1 have been plotted
versus /2. From the regressive line

y=A+ Bx

we obtain
A=(9.65+ 0.58) s2 -‘—AA =+6%
B=@81:014)s?m? S8 -4 3%

Comparison with Eq. (13) gives

A
VA =wy=(3106+0093) s™; —2 = +3%
0

In Fig. 10 the measured values w, of Tab. 1 have been plotted
versus /% The regression line

¥=A+Bx
shoula confirm Eq. (15). We obtain:

A
A=y =(3.009+0009)s"; = =+3%
0

2. AB

B=[0374+0015s"'m?% 5 =:4%

pling length /<.

In Fig. 11 the measured values w, of Tab. 1 are plotted as a
function of (2. The regression line y = Bx through the origin
confirms Eq. (14), B = (0.374+ 0.015) 1/s? m?.

The results obtained for w, using three different vibrational
modes for the coupled pendula are in good agreement with the
angular characteristic frequency of the uncoupled pendula.

Vs

#
6a 3 [ r s om

Fig. 11: Frequency tiy (beat mode) as a function of the cou-
pling length /=,
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